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Abstract—�:�H �F�R�Q�V�L�G�H�U �P�X�O�W�L�K�R�S �Z�L�U�H�O�H�V�V �Q�H�W�Z�R�U�N�V �F�D�U�U�\�L�Q�J
�X�Q�L�F�D�V�W �À�R�Z�V �I�R�U �P�X�O�W�L�S�O�H �X�V�H�U�V�� �(�D�F�K �À�R�Z �K�D�V �D �V�S�H�F�L�¿�H�G �G�H�O�D�\
�G�H�D�G�O�L�Q�H�� �D�Q�G �W�K�H �O�R�V�V�\ �Z�L�U�H�O�H�V�V �O�L�Q�N�V �D�U�H �P�R�G�H�O�H�G �D�V �E�L�Q�D�U�\
�V�\�P�P�H�W�U�L�F �F�K�D�Q�Q�H�O�V ���%�6�&�V���� �6�L�Q�F�H �W�U�D�Q�V�P�L�V�V�L�R�Q �W�L�P�H�� �D�O�V�R �F�D�O�O�H�G
�D�L�U�W�L�P�H�� �R�Q �W�K�H �O�L�Q�N�V �L�V �V�K�D�U�H�G �D�P�R�Q�J �À�R�Z�V�� �L�Q�F�U�H�D�V�L�Q�J �W�K�H �D�L�U�W�L�P�H
�I�R�U �R�Q�H �À�R�Z �F�R�P�H�V �D�W �W�K�H �F�R�V�W �R�I �U�H�G�X�F�L�Q�J �W�K�H �D�L�U�W�L�P�H �D�Y�D�L�O�D�E�O�H �W�R
�R�W�K�H�U �À�R�Z�V �V�K�D�U�L�Q�J �W�K�H �V�D�P�H �O�L�Q�N�� �:�H �G�H�U�L�Y�H �W�K�H �M�R�L�Q�W �D�O�O�R�F�D�W�L�R�Q
�R�I �À�R�Z �D�L�U�W�L�P�H�V �D�Q�G �F�R�G�L�Q�J �U�D�W�H�V �W�K�D�W �D�F�K�L�H�Y�H�V �W�K�H �S�U�R�S�R�U�W�L�R�Q�D�O�O�\
�I�D�L�U �W�K�U�R�X�J�K�S�X�W �D�O�O�R�F�D�W�L�R�Q�� �7�K�L�V �X�W�L�O�L�W�\ �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �L�V
�Q�R�Q�F�R�Q�Y�H�[�� �D�Q�G �R�Q�H �R�I �W�K�H �W�H�F�K�Q�L�F�D�O �F�R�Q�W�U�L�E�X�W�L�R�Q�V �R�I �W�K�L�V �S�D�S�H�U
�L�V �W�R �V�K�R�Z �W�K�D�W �W�K�H �S�U�R�S�R�U�W�L�R�Q�D�O �I�D�L�U �X�W�L�O�L�W�\ �R�S�W�L�P�L�]�D�W�L�R�Q �F�D�Q �Q�H�Y��
�H�U�W�K�H�O�H�V�V �E�H �G�H�F�R�P�S�R�V�H�G �L�Q�W�R �D �V�H�T�X�H�Q�F�H �R�I �F�R�Q�Y�H�[ �R�S�W�L�P�L�]�D�W�L�R�Q
�S�U�R�E�O�H�P�V�� �7�K�H �V�R�O�X�W�L�R�Q �W�R �W�K�L�V �V�H�T�X�H�Q�F�H �R�I �F�R�Q�Y�H�[ �S�U�R�E�O�H�P�V �L�V �W�K�H
�X�Q�L�T�X�H �V�R�O�X�W�L�R�Q �W�R �W�K�H �R�U�L�J�L�Q�D�O �Q�R�Q�F�R�Q�Y�H�[ �R�S�W�L�P�L�]�D�W�L�R�Q�� �6�X�U�S�U�L�V��
�L�Q�J�O�\�� �W�K�L�V �V�R�O�X�W�L�R�Q �F�D�Q �E�H �Z�U�L�W�W�H�Q �L�Q �D�Q �H�[�S�O�L�F�L�W �I�R�U�P �W�K�D�W �\�L�H�O�G�V
�F�R�Q�V�L�G�H�U�D�E�O�H �L�Q�V�L�J�K�W �L�Q�W�R �W�K�H �Q�D�W�X�U�H �R�I �W�K�H �S�U�R�S�R�U�W�L�R�Q�D�O �I�D�L�U �M�R�L�Q�W
�D�L�U�W�L�P�H���F�R�G�L�Q�J �U�D�W�H �D�O�O�R�F�D�W�L�R�Q�� �7�R �R�X�U �N�Q�R�Z�O�H�G�J�H�� �W�K�L�V �L�V �W�K�H �¿�U�V�W
�W�L�P�H �W�K�D�W �W�K�H �X�W�L�O�L�W�\ �I�D�L�U �M�R�L�Q�W �D�O�O�R�F�D�W�L�R�Q �R�I �D�L�U�W�L�P�H���F�R�G�L�Q�J �U�D�W�H �K�D�V
�E�H�H�Q �D�Q�D�O�\�]�H�G�� �D�Q�G �D�O�V�R �R�Q�H �R�I �W�K�H�¿�U�V�W �W�L�P�H�V �W�K�D�W �X�W�L�O�L�W�\ �I�D�L�U�Q�H�V�V
�Z�L�W�K �G�H�O�D�\ �G�H�D�G�O�L�Q�H�V �K�D�V �E�H�H�Q �F�R�Q�V�L�G�H�U�H�G��

Index Terms—�%�L�Q�D�U�\ �V�\�P�P�H�W�U�L�F �F�K�D�Q�Q�H�O�V�� �F�R�G�H �U�D�W�H �V�H�O�H�F�W�L�R�Q��
�F�U�R�V�V���O�D�\�H�U �R�S�W�L�P�L�]�D�W�L�R�Q�� �Q�H�W�Z�R�U�N �X�W�L�O�L�W�\ �P�D�[�L�P�L�]�D�W�L�R�Q�� �R�S�W�L�P�D�O
�S�D�F�N�H�W �V�L�]�H�� �U�H�V�R�X�U�F�H �D�O�O�R�F�D�W�L�R�Q�� �V�F�K�H�G�X�O�L�Q�J��

�,�� �,�1�7�5�2�'�8�&�7�,�2�1

�,�1 �7�+�,�6 �S�D�S�H�U�� �Z�H �F�R�Q�V�L�G�H�U �Z�L�U�H�O�H�V�V �P�H�V�K �Q�H�W�Z�R�U�N�V �Z�L�W�K
�O�R�V�V�\ �O�L�Q�N�V �D�Q�G �À�R�Z �G�H�O�D�\ �G�H�D�G�O�L�Q�H�V�� �3�D�F�N�H�W�V �W�K�D�W �D�U�H �G�H��

�F�R�G�H�G �D�I�W�H�U �D �G�H�O�D�\ �G�H�D�G�O�L�Q�H �D�U�H �W�U�H�D�W�H�G �D�V �O�R�V�V�H�V�� �:�H �G�H�U�L�Y�H �W�K�H
�M�R�L�Q�W �D�O�O�R�F�D�W�L�R�Q �R�I �À�R�Z �D�L�U�W�L�P�H�V�D�Q�G �F�R�G�L�Q�J �U�D�W�H�V �W�K�D�W �D�F�K�L�H�Y�H�V
�W�K�H �S�U�R�S�R�U�W�L�R�Q�D�O�O�\ �I�D�L�U �W�K�U�R�X�J�K�S�X�W �D�O�O�R�F�D�W�L�R�Q�� �7�R �R�X�U �N�Q�R�Z�O�H�G�J�H��
�W�K�L�V �L�V �W�K�H �¿�U�V�W �W�L�P�H �W�K�D�W �W�K�H �X�W�L�O�L�W�\ �I�D�L�U �M�R�L�Q�W �D�O�O�R�F�D�W�L�R�Q �R�I �D�L�U��
�W�L�P�H���F�R�G�L�Q�J �U�D�W�H �K�D�V �E�H�H�Q �D�Q�D�O�\�]�H�G�� �D�Q�G �D�O�V�R �R�Q�H �R�I �W�K�H �¿�U�V�W
�W�L�P�H�V �W�K�D�W �X�W�L�O�L�W�\ �I�D�L�U�Q�H�V�V �Z�L�W�K �G�H�O�D�\ �G�H�D�G�O�L�Q�H�V �K�D�V �E�H�H�Q �F�R�Q�V�L�G��
�H�U�H�G ���D�O�V�R�� �V�H�H �>���@ �D�Q�G �>���@����

�,�Q �W�K�H �V�S�H�F�L�D�O �F�D�V�H�V �Z�K�H�U�H �D�O�O �O�L�Q�N�V �L�Q �D �Q�H�W�Z�R�U�N �D�U�H �O�R�V�V���I�U�H�H
�R�U �D�O�O �À�R�Z �G�H�O�D�\ �G�H�D�G�O�L�Q�H�V �D�U�H �L�Q�¿�Q�L�W�H�� �Z�H �V�K�R�Z �W�K�D�W �W�K�H �S�U�R��
�S�R�U�W�L�R�Q�D�O�O�\ �I�D�L�U �X�W�L�O�L�W�\ �R�S�W�L�P�L�]�D�W�L�R�Q �G�H�F�R�P�S�R�V�H�V �L�Q�W�R �G�H�F�R�X�S�O�H�G
�D�L�U�W�L�P�H �D�Q�G �F�R�G�L�Q�J �U�D�W�H �D�O�O�R�F�D�W�L�R�Q �W�D�V�N�V�� �7�K�D�W �L�V�� �D �O�D�\�H�U�H�G �D�S��
�S�U�R�D�F�K �W�K�D�W �V�H�S�D�U�D�W�H�V �0�$�& �V�F�K�H�G�X�O�L�Q�J �D�Q�G �S�D�F�N�H�W �F�R�G�L�Q�J �U�D�W�H
�V�H�O�H�F�W�L�R�Q �L�V �R�S�W�L�P�D�O�� �7�K�L�V �F�R�U�U�H�V�S�R�Q�G�V �W�R �W�K�H �F�X�U�U�H�Q�W �S�U�D�F�W�L�F�H��

�0�D�Q�X�V�F�U�L�S�W �U�H�F�H�L�Y�H�G �1�R�Y�H�P�E�H�U ������ �����������U�H�Y�L�V�H�G �-�X�Q�H ������ ���������� �D�F�F�H�S�W�H�G
�'�H�F�H�P�E�H�U ������ ���������� �D�S�S�U�R�Y�H�G �E�\ �,�(�(�(���$�&�0 �7�5�$�1�6�$�&�7�,�2�1�6 �2�1�1�(�7�:�2�5�.�,�1�*
�(�G�L�W�R�U �$�� �3�U�R�X�W�L�H�U�H�� �'�D�W�H �R�I �S�X�E�O�L�F�D�W�L�R�Q �-�D�Q�X�D�U�\ ������ ���������� �G�D�W�H �R�I �F�X�U�U�H�Q�W�Y�H�U��
�V�L�R�Q �)�H�E�U�X�D�U�\ ������ ���������� �7�K�L�V �Z�R�U�N �Z�D�V �V�X�S�S�R�U�W�H�G �E�\ �W�K�H �6�F�L�H�Q�F�H �)�R�X�Q�G�D�W�L�R�Q
�,�U�H�O�D�Q�G �X�Q�G�H�U �*�U�D�Q�W�V �������,�1�������,������ �D�Q�G �������3�,������������

�.�� �3�U�H�P�N�X�P�D�U �Z�D�V �Z�L�W�K �W�K�H �+�D�P�L�O�W�R�Q �,�Q�V�W�L�W�X�W�H�� �1�8�, �0�D�\�Q�R�R�W�K�� �0�D�\�Q�R�R�W�K��
�,�U�H�O�D�Q�G�� �+�H �L�V �Q�R�Z �Z�L�W�K �W�K�H �'�H�S�D�U�W�P�H�Q�W �R�I �,�Q�I�R�U�P�D�W�L�R�Q �7�H�F�K�Q�R�O�R�J�\�� �6�6�1 �&�R�O��
�O�H�J�H �R�I �(�Q�J�L�Q�H�H�U�L�Q�J�� �&�K�H�Q�Q�D�L ������ �������� �,�Q�G�L�D ���H���P�D�L�O�� �N�S�U�H�P�#�H�F�H���L�L�V�F���H�U�Q�H�W���L�Q����

�;�� �&�K�H�Q �D�Q�G �'�� �-�� �/�H�L�W�K �D�U�H �Z�L�W�K �W�K�H �+�D�P�L�O�W�R�Q �,�Q�V�W�L�W�X�W�H�� �1�8�, �0�D�\�Q�R�R�W�K��
�0�D�\�Q�R�R�W�K�� �,�U�H�O�D�Q�G ���H���P�D�L�O�� �;�L�D�R�P�L�Q���&�K�H�Q�#�Q�X�L�P���L�H�� �'�R�X�J���/�H�L�W�K�#�Q�X�L�P���L�H����

�)�L�J�� ���� �6�L�Q�J�O�H���F�H�O�O �Z�L�U�H�O�H�V�V �/�$�1 �Z�L�W�K �W�K�U�H�H �À�R�Z�V�� �7�K�H �F�H�Q�W�U�D�O �Q�R�G�H �U�H�S�U�H��
�V�H�Q�W�V �W�K�H �D�F�F�H�V�V �S�R�L�Q�W ���$�3���� �D�Q�G �W�K�H �R�W�K�H�U �Q�R�G�H�V �U�H�S�U�H�V�H�Q�W �W�K�H �Z�L�U�H�O�H�V�V �V�W�D�W�L�R�Q�V��
���D�� �7�R�S�R�O�R�J�\�� ���E�� �2�S�W�L�P�X�P �X�W�L�O�L�W�\ �Y�H�U�V�X�V �F�O�D�V�V�L�F�D�O �X�W�L�O�L�W�\��

�D�Q�G �W�K�H�V�H �W�D�V�N�V �F�D�Q �E�H �V�R�O�Y�H�G �V�H�S�D�U�D�W�H�O�\ �X�V�L�Q�J �D �Z�H�D�O�W�K �R�I �F�O�D�V��
�V�L�F�D�O �W�H�F�K�Q�L�T�X�H�V��

�+�R�Z�H�Y�H�U�� �Z�H �V�K�R�Z �W�K�D�W �Q�R �V�X�F�K �G�H�F�R�P�S�R�V�L�W�L�R�Q �R�F�F�X�U�V �Z�K�H�Q
�R�Q�H �R�U �P�R�U�H �O�L�Q�N�V �D�U�H �O�R�V�V�\ �R�U �R�Q�H �R�U �P�R�U�H �À�R�Z�V �K�D�Y�H �¿�Q�L�W�H �G�H�O�D�\
�G�H�D�G�O�L�Q�H�V�� �,�Q�V�W�H�D�G�� �L�Q �V�X�F�K �F�D�V�H�V�� �L�W �L�V �Q�H�F�H�V�V�D�U�\ �W�R �M�R�L�Q�W�O�\ �R�S�W�L��
�P�L�]�H �W�K�H �À�R�Z �D�L�U�W�L�P�H�V �D�Q�G �F�R�G�L�Q�J �U�D�W�H�V�� �)�X�U�W�K�H�U�P�R�U�H�� �Z�H �V�K�R�Z
�W�K�D�W �W�K�H �U�H�V�X�O�W�L�Q�J �D�O�O�R�F�D�W�L�R�Q �R�I �D�L�U�W�L�P�H �D�Q�G �F�R�G�L�Q�J �U�D�W�H�V �L�V �T�X�D�O��
�L�W�D�W�L�Y�H�O�\ �G�L�I�I�H�U�H�Q�W �I�U�R�P �F�O�D�V�V�L�F�D�O �U�H�V�X�O�W�V�� �)�R�U �H�[�D�P�S�O�H�� �F�R�Q�V�L�G�H�U
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�O�L�W�H�U�D�W�X�U�H �R�Q �X�W�L�O�L�W�\ �R�S�W�L�P�D�O �U�H�V�R�X�U�F�H �D�O�O�R�F�D�W�L�R�Q �L�V �G�L�V�F�X�V�V�H�G �L�Q
�6�H�F�W�L�R�Q �,�,�� �6�H�F�W�L�R�Q �,�,�, �G�H�¿�Q�H�V �W�K�H �Q�H�W�Z�R�U�N �P�R�G�H�O�� �L�Q �S�D�U�W�L�F�X�O�D�U��
�Z�H �G�H�V�F�U�L�E�H �W�K�H �P�H�V�K �Q�H�W�Z�R�U�N �D�U�F�K�L�W�H�F�W�X�U�H�� �W�K�H �W�U�D�I�¿�F �P�R�G�H�O��
�D�Q�G �W�K�H �F�K�D�Q�Q�H�O �P�R�G�H�O�� �:�H �D�O�V�R �G�L�V�F�X�V�V �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �V�F�K�H�G��
�X�O�L�Q�J �P�R�G�H�O�� �G�H�F�R�G�L�Q�J �G�H�O�D�\ �G�H�D�G�O�L�Q�H�� �D�Q�G �W�K�H �Q�H�W�Z�R�U�N �F�R�Q��
�V�W�U�D�L�Q�W�V�� �,�Q �6�H�F�W�L�R�Q �,�9�� �Z�H �R�E�W�D�L�Q �D �P�H�D�V�X�U�H �I�R�U �W�K�H �H�Q�G���W�R���H�Q�G
�S�D�F�N�H�W �G�H�F�R�G�L�Q�J �H�U�U�R�U �D�Q�G �G�H�V�F�U�L�E�H �W�K�H �W�K�U�R�X�J�K�S�X�W �R�I �W�K�H �Q�H�W��
� Z� R� U� N� � � ,� Q � 6� H� F� W� L� R� Q � 9� � � Z� H � I� R� U� P� X� O� D�W�H �D �Q�H�W�Z�R�U�N �X�W�L�O�L�W�\ �P�D�[�L�P�L�]�D��
�W�L�R�Q �S�U�R�E�O�H�P �V�X�E�M�H�F�W �W�R �F�R�Q�V�W�U�D�L�Q�W�V �R�Q �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q �V�F�K�H�G�X�O�H
�O�H�Q�J�W�K�V �D�Q�G �G�L�V�F�X�V�V �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �I�U�D�P�H�Z�R�U�N�� �,�Q �6�H�F�W�L�R�Q �9�,��
�Z�H �G�L�V�F�X�V�V �W�Z�R �V�S�H�F�L�D�O �F�D�V�H�V �R�I �Q�H�W�Z�R�U�N�V�� �G�H�O�D�\���L�Q�V�H�Q�V�L�W�L�Y�H �D�Q�G

�O�R�V�V���I�U�H�H �Q�H�W�Z�R�U�N�V�� �D�Q�G �V�K�R�Z �W�K�D�W �W�K�H �W�D�V�N�V �R�I �R�E�W�D�L�Q�L�Q�J �R�S�W�L�P�D�O
�D�L�U�W�L�P�H�V �D�Q�G �F�R�G�L�Q�J �U�D�W�H�V �G�H�F�R�X�S�O�H �L�Q �W�K�H�V�H �V�S�H�F�L�D�O �F�D�V�H�V�� �:�H
�G�L�V�F�X�V�V �W�K�H �R�S�W�L�P�D�O �D�L�U�W�L�P�H���F�R�G�L�Q�J �V�R�O�X�W�L�R�Q �Z�L�W�K �V�R�P�H �H�[�D�P�S�O�H�V
�L�Q �6�H�F�W�L�R�Q �9�,�,�� �)�L�Q�D�O�O�\�� �Z�H �F�R�Q�F�O� X� G� H � L� Q � 6� H� F� W� L� R� Q � 9� ,� ,� ,� � � 7� K� H � S� U� R� R� I� V
�R�I �O�H�P�P�D�V �D�Q�G �W�K�H�R�U�H�P�V �D�U�H �S�U�R�Y�L�G�H�G �L�Q �W�K�H �$�S�S�H�Q�G�L�[��

�,�,�� �5�(�/�$�7�(�' �: �2�5�.

�:�H �F�R�Q�V�L�G�H�U �D �P�X�O�W�L�K�R�S �1�H�W�Z�R�U�N �8�W�L�O�L�W�\ �0�D�[�L�P�L�]�D�W�L�R�Q
���1�8�0�� �S�U�R�E�O�H�P �Z�L�W�K �G�H�D�G�O�L�Q�H �F�R�Q�V�W�U�D�L�Q�W�V �D�Q�G �Z�L�W�K �D �S�U�D�F�W�L�F�D�O
�P�R�G�H�O �>���@ �I�R�U �W�K�H �3�+�< �O�D�\�H�U�� �%�\ �P�H�D�Q�V �R�I �F�K�D�Q�Q�H�O �F�R�G�L�Q�J�� �Z�H
�W�U�\ �W�R �U�H�F�R�Y�H�U �D �S�D�F�N�H�W �I�U�R�P �W�K�H �F�K�D�Q�Q�H�O �H�U�U�R�U�V�� �+�D�Y�L�Q�J �D �O�R�Z
�F�R�G�L�Q�J �U�D�W�H �K�H�O�S�V �L�Q �U�H�F�R�Y�H�U�L�Q�J �W�K�H �S�D�F�N�H�W�V�� �E�X�W �D�W �W�K�H �F�R�V�W �R�I
�D �V�P�D�O�O �I�U�D�F�W�L�R�Q �R�I �S�D�\�O�R�D�G �D�Q�G �D�W �W�K�H �F�R�V�W �R�I �W�K�H �W�U�D�Q�V�P�L�V�V�L�R�Q
�D�L�U�W�L�P�H �R�I �R�W�K�H�U �À�R�Z�V�� �7�K�X�V���Z�H �F�R�Q�V�L�G�H�U �W�K�H �S�U�R�E�O�H�P �R�I
�U�H�V�R�X�U�F�H �D�O�O�R�F�D�W�L�R�Q �W�K�D�W �D�Q�V�Z�H�U�V �W�K�H �I�R�O�O�R�Z�L�Q�J �T�X�H�V�W�L�R�Q��how
to allocate throughput across competingßows with eachßow
seeing different channel conditions and respecting the delay
deadline.

�7�K�H �S�U�R�E�O�H�P �R�I �1�8�0 �K�D�V �E�H�H�Q �V�W�X�G�L�H�G �L�Q �Y�D�U�L�R�X�V �F�R�Q�W�H�[�W�V��
�Z�L�W�K �1�8�0 �D�V �D �Q�H�W�Z�R�U�N �O�D�\�H�U�L�Q�J �W�R�R�O �L�Q�W�U�R�G�X�F�H�G �L�Q �>���@��

�0�X�F�K �R�I �W�K�H �Z�R�U�N �R�Q �1�8�0 �L�V �F�R�Q�F�H�U�Q�H�G �Z�L�W�K �W�K�H �À�R�Z
�V�F�K�H�G�X�O�L�Q�J �D�Q�G �W�K�U�R�X�J�K�S�X�W �D�O�O�R�F�D�W�L�R�Q �W�K�D�W �D�F�K�L�H�Y�H�V �W�K�H �Q�H�W�Z�R�U�N
�V�W�D�E�L�O�L�W�\ �U�H�J�L�R�Q�� �7�K�L�V �Z�R�U�N �I�R�F�X�V�H�V �R�Q �W�K�U�R�X�J�K�S�X�W �D�Q�G �O�D�U�J�H�O�\
�L�J�Q�R�U�H�V �G�H�O�D�\ �F�R�Q�V�W�U�D�L�Q�W�V�� �5�H�V�R�X�U�F�H �D�O�O�R�F�D�W�L�R�Q �S�U�R�E�O�H�P�V �I�U�R�P
�W�K�H �Y�L�H�Z�S�R�L�Q�W �R�I �Q�H�W�Z�R�U�N �F�R�Q�W�U�R�O �D�Q�G �V�W�D�E�L�O�L�W�\ �L�V �V�W�X�G�L�H�G �E�\
�*�H�R�U�J�L�D�G�L�Vet al. �L�Q �>���@�� �1�H�W�Z�R�U�N �À�R�Z �V�F�K�H�G�X�O�L�Q�J �S�U�R�E�O�H�P�V
�D�U�H �V�W�X�G�L�H�G �L�Q �D �X�W�L�O�L�W�\ �R�S�W�L�P�D�O �I�U�D�P�H�Z�R�U�N �E�\ �6�K�D�N�N�R�W�W�D�L �D�Q�G
�6�U�L�N�D�Q�W �L�Q �>���@�� �,�Q �D�O�O �W�K�H�V�H �Z�R�U�N�V �D�Q�G �W�K�H �U�H�I�H�U�H�Q�F�H�V �W�K�H�U�H�L�Q�� �W�K�H
�H�P�S�K�D�V�L�V �L�V �R�Q �W�K�H �0�$�& �O�D�\�H�U�V �D�Q�G �D�E�R�Y�H�� �,�Q �>���@�� �D�Q �H�Q�H�U�J�\
�R�S�W�L�P�D�O �V�F�K�H�G�X�O�L�Q�J �S�U�R�E�O�H�P �L�V �V�W�X�G�L�H�G �L�Q �Z�K�L�F�K �W�K�H �3�+�<�V�L�F�D�O
�O�D�\�H�U �L�V �D�O�V�R �F�R�Q�V�L�G�H�U�H�G��

�6�R�P�H �U�H�F�H�Q�W �Z�R�U�N �H�[�S�O�L�F�L�W�O�\ �L�Q�F�O�X�G�H�V �G�H�O�D�\ �F�R�Q�V�W�U�D�L�Q�W�V �L�Q
�W�K�H �X�W�L�O�L�W�\ �R�S�W�L�P�L�]�D�W�L�R�Q�� �,�Q �>���@�� �/�L �D�Q�G �(�U�\�L�O�P�D�] �V�W�X�G�L�H�G �W�K�H
�S�U�R�E�O�H�P �R�I �H�Q�G���W�R���H�Q�G �G�H�O�D�\ �F�R�Q�V�W�U�D�L�Q�H�G �V�F�K�H�G�X�O�L�Q�J �L�Q �P�X�O��
�W�L�K�R�S �Q�H�W�Z�R�U�N�V�� �7�K�H�\ �S�U�R�S�R�V�H �D�O�J�R�U�L�W�K�P�V �E�D�V�H�G �R�Q �/�\�D�S�X�Q�R�Y
�G�U�L�I�W �P�L�Q�L�P�L�]�D�W�L�R�Q �D�Q�G �S�U�L�F�L�Q�J�� �D�Q�G �V�K�R�Z �W�K�D�W �E�\ �G�\�Q�D�P�L�F�D�O�O�\
�V�H�O�H�F�W�L�Q�J �V�H�U�Y�L�F�H �G�L�V�F�L�S�O�L�Q�H�V���W�K�H �S�U�R�S�R�V�H�G �D�O�J�R�U�L�W�K�P�V �V�L�J�Q�L�I��
�L�F�D�Q�W�O�\ �R�X�W�S�H�U�I�R�U�P �H�[�L�V�W�L�Q�J �W�K�U�R�X�J�K�S�X�W���R�S�W�L�P�D�O �V�F�K�H�G�X�O�L�Q�J
�D�O�J�R�U�L�W�K�P�V�� �,�Q �>���@�� �-�D�U�D�P�L�O�O�R �D�Q�G �6�U�L�N�D�Q�W �V�W�X�G�L�H�G �D �U�H�V�R�X�U�F�H
�D�O�O�R�F�D�W�L�R�Q �S�U�R�E�O�H�P �L�Q �D�G �K�R�F �Q�H�W�Z�R�U�N�V �Z�L�W�K �H�O�D�V�W�L�F �D�Q�G �L�Q�H�O�D�V�W�L�F
�W�U�D�I�¿�F �Z�L�W�K �G�H�D�G�O�L�Q�H�V �I�R�U �S�D�F�N�H�W �U�H�F�H�S�W�L�R�Q�� �D�Q�G �R�E�W�D�L�Q�H�G �M�R�L�Q�W
�F�R�Q�J�H�V�W�L�R�Q �F�R�Q�W�U�R�O �D�Q�G �V�F�K�H�G�X�O�L�Q�J �D�O�J�R�U�L�W�K�P �W�K�D�W �P�D�[�L�P�L�]�H�V �D
�Q�H�W�Z�R�U�N �X�W�L�O�L�W�\�� �,�Q �>���@�� �W�K�H �I�R�F�X�V �L�V �R�Q �F�R�Q�J�H�V�W�L�R�Q �F�R�Q�W�U�R�O �D�Q�G
�V�F�K�H�G�X�O�L�Q�J�� �Z�L�W�K �W�K�H �3�+�<�V�L�F�D�O �O�D�\�H�U �F�R�Q�V�L�G�H�U�H�G �W�R �E�H �H�U�U�R�U���I�U�H�H��

�$ �V�K�R�U�W�� �S�U�H�O�L�P�L�Q�D�U�\ �Y�H�U�V�L�R�Q �R�I�W�K�H �Z�R�U�N �L�Q �W�K�H �F�X�U�U�H�Q�W �S�D�S�H�U
�Z�D�V �S�U�H�V�H�Q�W�H�G �L�Q �>���@��

�,�,�,�� �1�(�7�:�2�5�. �0 �2�'�(�/

A. Cellular Mesh Architecture

�:�H �F�R�Q�V�L�G�H�U �Q�H�W�Z�R�U�N�V �F�R�Q�V�L�V�W�L�Q�J �R�I �D �V�H�W �R�I�F�H�O�O�V��
�� �Z�K�L�F�K �G�H�¿�Q�H �W�K�H �³�L�Q�W�H�U�I�H�U�H�Q�F�H �G�R�P�D�L�Q�V�´

�L�Q �W�K�H �Q�H�W�Z�R�U�N�� �:�H �D�O�O�R�Z �L�Q�W�U�D�F�H�O�O �L�Q�W�H�U�I�H�U�H�Q�F�H ���L���H���� �W�U�D�Q�V�P�L�V��
�V�L�R�Q�V �E�\ �Q�R�G�H�V �Z�L�W�K�L�Q �W�K�H �V�D�P�H �F�H�O�O �L�Q�W�H�U�I�H�U�H���� �E�X�W �D�V�V�X�P�H �W�K�D�W
�W�K�H�U�H �L�V �Q�R �L�Q�W�H�U�F�H�O�O �L�Q�W�H�U�I�H�U�H�Q�F�H�� �7�K�L�V �F�D�S�W�X�U�H�V�� �I�R�U �H�[�D�P�S�O�H��
�F�R�P�P�R�Q �Q�H�W�Z�R�U�N �D�U�F�K�L�W�H�F�W�X�U�H�V �Z�K�H�U�H �Q�R�G�H�V �Z�L�W�K�L�Q �D �J�L�Y�H�Q �F�H�O�O



�)�L�J�� ���� �:�L�U�H�O�H�V�V �P�H�V�K �Q�H�W�Z�R�U�N �Z�L�W�K �I�R�X�U �F�H�O�O�V�� �&�H�O�O�V�� �� � � � D� Q� G�X�V�H �R�U�W�K�R�J��
�R�Q�D�O �F�K�D�Q�Q�H�O�V�� �� � � � D� Q� G� � � U� H� V� S� H� F� W� L� Y� H� O� \� � � 1� R� G� H� V � �� � � �� � � D� Q� G � � � D� U� H
bridge nodes�� �7�K�H �E�U�L�G�J�H �Q�R�G�H �� ���U�H�V�S�� �� �D�Q�G ���� �L�V �S�U�R�Y�L�G�H�G �D �W�L�P�H �V�O�L�F�H �R�I �H�D�F�K
�R�I �W�K�H �F�K�D�Q�Q�H�O�V�D�Q�G ���U�H�V�S�� �D�Q�G �I�R�U �Q�R�G�H ���� �D�Q�G��

� � � D� Q� G�I�R�U �Q�R�G�H ������ �7�K�U�H�H �À�R�Z�V� � � D� Q� G�D�U�H �F�R�Q�V�L�G�H�U�H�G�� �,�Q �W�K�L�V
�H�[�D�P�S�O�H�� �� � � � D� Q� G ��

�X�V�H �W�K�H �V�D�P�H �U�D�G�L�R �F�K�D�Q�Q�H�O �Z�K�L�O�H �Q�H�L�J�K�E�R�U�L�Q�J �F�H�O�O�V �X�V�H �R�U�W�K�R�J��
�R�Q�D�O �U�D�G�L�R �F�K�D�Q�Q�H�O�V�� �:�L�W�K�L�Q �H�D�F�K �F�H�O�O�� �D�Q�\ �W�Z�R �Q�R�G�H�V �D�U�H �Z�L�W�K�L�Q
�W�K�H �G�H�F�R�G�L�Q�J �U�D�Q�J�H �R�I �H�D�F�K �R�W�K�H�U �D�Q�G�� �K�H�Q�F�H�� �F�D�Q �F�R�P�P�X�Q�L��
�F�D�W�H �Z�L�W�K �H�D�F�K �R�W�K�H�U�� �7�K�H �F�H�O�O�V �D�U�H �L�Q�W�H�U�F�R�Q�Q�H�F�W�H�G �X�V�L�Q�J �P�X�O��
�W�L�U�D�G�L�R �E�U�L�G�J�L�Q�J �Q�R�G�H�V �W�R �F�U�H�D�W�H �D �P�X�O�W�L�K�R�S �Z�L�U�H�O�H�V�V �Q�H�W�Z�R�U�N�� �$
�P�X�O�W�L�U�D�G�L�R �E�U�L�G�J�L�Q�J �Q�R�G�H�F�R�Q�Q�H�F�W�L�Q�J �W�K�H �V�H�W �R�I �F�H�O�O�V

� F� D� Q � E� H � W� K� R� X� J� K� W � R� I � D� V � D � V� H� W � R� I�V�L�Q�J�O�H �U�D�G�L�R
�Q�R�G�H�V�� �R�Q�H �L�Q �H�D�F�K �F�H�O�O�� �L�Q�W�H�U�F�R�Q�Q�H�F�W�H�G �E�\ �D �K�L�J�K���V�S�H�H�G�� �O�R�V�V��
�I�U�H�H �Z�L�U�H�G �E�D�F�N�S�O�D�Q�H�� �6�H�H�� �I�R�U �H�[�D�P�S�O�H�� �)�L�J�� ����

B. Unicast Flows
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F. Network Constraints on Coding Rate
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A. Upper and Lower Bounds
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B. Tightness of Bounds
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�À�X�L�G���O�L�N�H �I�U�D�P�H�Z�R�U�N�� �D�O�W�K�R�X�J�K �W�K�L�V �Z�R�X�O�G �U�H�T�X�L�U�H �D �F�K�D�Q�J�H �L�Q
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�W�K�H �&�K�H�U�Q�R�I�I �S�D�U�D�P�H�W�H�U�V�� �D�Q�G �W�K�H�F�R�Q�V�W�U�D�L�Q�W�V ������ �D�Q�G ������ �D�U�H �L�Q��
�W�U�R�G�X�F�H�G �I�R�U �W�H�F�K�Q�L�F�D�O �U�H�D�V�R�Q�V �W�K�D�W �Z�L�O�O �E�H �G�L�V�F�X�V�V�H�G �L�Q �P�R�U�H
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�)�R�U �S�U�R�S�R�U�W�L�R�Q�D�O �I�D�L�U�Q�H�V�V�� �Z�H �V�H�O�H�F�W �W�K�H �V�X�P �R�I �W�K�H �O�R�J �R�I �W�K�H
�À�R�Z �W�K�U�R�X�J�K�S�X�W�V �D�V �R�X�U �Q�H�W�Z�R�U�N �X�W�L�O�L�W�\� � � )� R� U � À� R� Z� � � W� K� H � H� [� �
�S�H�F�W�H�G �W�K�U�R�X�J�K�S�X�W �L�V�V�\�P�E�R�O�V �L�Q �H�Y�H�U�\ �W�L�P�H �L�Q��
�W�H�U�Y�D�O �R�I �G�X�U�D�W�L�R�Q���Z�H �U�H�F�D�O�O �W�K�D�W�L�V �W�K�H �G�H�V�W�L�Q�D�W�L�R�Q
�F�H�O�O �R�I �À�R�Z���� �Z�K�L�F�K �L�V �W�K�H �V�D�P�H �D�V�V�\�P�E�R�O�V �H�Y�H�U�\
�W�L�P�H �L�Q�W�H�U�Y�D�O �R�I �G�X�U�D�W�L�R�Q� � � Z� K� H� U� H�L�V �W�K�H �L�Q�I�R�U�P�D�W�L�R�Q
�S�D�F�N�H�W �V�L�]�H �D�Q�G�W�K�H �S�D�F�N�H�W �G�H�F�R�G�L�Q�J �H�U�U�R�U �S�U�R�E�D�E�L�O�L�W�\�� �$�V �W�K�H
�H�[�D�F�W �H�[�S�U�H�V�V�L�R�Q �R�I�L�V �L�Q�W�U�D�F�W�D�E�O�H�� �Z�H �X�V�H �W�K�H �X�S�S�H�U �E�R�X�Q�G �I�R�U

� � � Z� K� L� F� K � L� V�� �7�K�X�V�� �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �L�V �J�L�Y�H�Q �E�\

�7�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �\�L�H�O�G�V �W�K�H �S�U�R�S�R�U�W�L�R�Q�D�O �I�D�L�U �À�R�Z
�F�R�G�L�Q�J �U�D�W�H�V �D�Q�G �F�R�G�H�G �S�D�F�N�H�W �V�L�]�H�� �6�L�Q�F�H �W�K�H �3�+�< �W�U�D�Q�V��
�P�L�V�V�L�R�Q �U�D�W�H�V�D�U�H �N�Q�R�Z�Q �S�D�U�D�P�H�W�H�U�V�� �W�K�H �F�R�G�H�G �S�D�F�N�H�W �V�L�]�H
�L�V �S�U�R�S�R�U�W�L�R�Q�D�O �W�R �W�K�H �D�L�U�W�L�P�H �X�V�H�G �E�\ �D �À�R�Z ���L���H���� �W�K�H �D�L�U�W�L�P�H �L�V
�J�L�Y�H�Q �E�\ ����

A. Nonconvexity

�7�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q�L�V �V�H�S�D�U�D�E�O�H �L�Q
�I�R�U �H�D�F�K �À�R�Z�� �+�R�Z�H�Y�H�U�� �L�W �F�D�Q �E�H �U�H�D�G�L�O�\

�Y�H�U�L�¿�H�G �W�K�D�W �L�V �Q�R�W �M�R�L�Q�W�O�\ �F�R�Q�F�D�Y�H �L�Q
�� �D�Q�G �V�R �W�K�H �R�S�W�L�P�L�]�D�W�L�R�Q �L�V �Q�R�Q�F�R�Q�Y�H�[�� �+�H�Q�F�H��

�W�K�H �Q�H�W�Z�R�U�N �X�W�L�O�L�W�\ �P�D�[�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �G�H�¿�Q�H�G �L�Q �������±������ �L�V
�Q�R�W �L�Q �W�K�H �V�W�D�Q�G�D�U�G �F�R�Q�Y�H�[ �R�S�W�L�P�L�]�D�W�L�R�Q �I�U�D�P�H�Z�R�U�N��

B. Reformulation as Sequential Optimizations

�:�H �S�U�R�F�H�H�G �E�\ �P�D�N�L�Q�J �W�K�H �I�R�O�O�R�Z�L�Q�J �N�H�\ �R�E�V�H�U�Y�D�W�L�R�Q��
Lemma 3:�)�R�U �F�R�Q�Y�H�[ �V�H�W�V�D�Q�G�� �D�Q�G �I�R�U �D �I�X�Q�F�W�L�R�Q

�W�K�D�W �L�V �F�R�Q�F�D�Y�H �L�Q�D�Q�G �L�Q �� �E�X�W �Q�R�W �M�R�L�Q�W�O�\
�L�Q �� �W�K�H �V�R�O�X�W�L�R�Q �W�R �W�K�H �M�R�L�Q�W �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P
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�L�I �L�V �D �F�R�Q�F�D�Y�H �I�X�Q�F�W�L�R�Q �R�I�� �Z�K�H�U�H �I�R�U �H�D�F�K��
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Proof: �6�H�H �$�S�S�H�Q�G�L�[ �&��



�7�K�L�V �O�H�P�P�D �H�V�W�D�E�O�L�V�K�H�V �F�R�Q�G�L�W�L�R�Q�V �X�Q�G�H�U �Z�K�L�F�K �Z�H �F�D�Q �W�U�D�Q�V��
�I�R�U�P �D �Q�R�Q�F�R�Q�Y�H�[ �R�S�W�L�P�L�]�D�W�L�R�Q �L�Q�W�R �D �V�H�T�X�H�Q�F�H �R�I �F�R�Q�Y�H�[ �R�S��
�W�L�P�L�]�D�W�L�R�Q�V�� �5�R�X�J�K�O�\ �V�S�H�D�N�L�Q�J���Z�H �S�U�R�F�H�H�G �E�\ �R�S�W�L�P�L�]�L�Q�J �R�Y�H�U
�H�D�F�K �Y�D�U�L�D�E�O�H �L�Q �W�X�U�Q �D�Q�G �V�X�E�V�W�L�W�X�W�L�Q�J �W�K�H �R�S�W�L�P�D�O �Y�D�U�L�D�E�O�H �Y�D�O�X�H
�W�K�D�W �L�V �I�R�X�Q�G �E�D�F�N �L�Q�W�R �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q�� �7�K�L�V �F�U�H�D�W�H�V �D �V�H��
�T�X�H�Q�F�H �R�I �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q�V���3�U�R�Y�L�G�H�G �H�D�F�K �P�H�P�E�H�U �R�I �W�K�L�V
�V�H�T�X�H�Q�F�H �L�V �F�R�Q�F�D�Y�H �L�Q �W�K�H �Y�D�U�L�D�E�O�H �E�H�L�Q�J �R�S�W�L�P�L�]�H�G ���E�X�W �Q�R�W
�Q�H�F�H�V�V�D�U�\ �M�R�L�Q�W�O�\ �F�R�Q�F�D�Y�H �L�Q �D�O�O �Y�D�U�L�D�E�O�H�V���� �W�K�H �V�R�O�X�W�L�R�Q �W�R �W�K�H
�V�H�T�X�H�Q�F�H �R�I �F�R�Q�Y�H�[ �R�S�W�L�P�L�]�D�W�L�R�Q�V �F�R�L�Q�F�L�G�H�V �Z�L�W�K �W�K�H �V�R�O�X�W�L�R�Q
�W�R �W�K�H �R�U�L�J�L�Q�D�O �Q�R�Q�F�R�Q�Y�H�[ �R�S�W�L�P�L�]�D�W�L�R�Q�� �(�Y�L�G�H�Q�W�O�\�� �W�K�H �F�R�Q�G�L��
�W�L�R�Q �W�K�D�W �F�R�Q�F�D�Y�L�W�\ �K�R�O�G�V �I�R�U �H�Y�H�U�\ �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �L�Q �W�K�L�V �V�H��
�T�X�H�Q�F�H �L�V �H�[�W�U�H�P�H�O�\ �V�W�U�R�Q�J�� �5�H�P�D�U�N�D�E�O�\�� �K�R�Z�H�Y�H�U�� �Z�H �V�K�R�Z �W�K�D�W
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C. Optimal
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�V�X�E�M�H�F�W �W�R

�J�L�Y�H�Q �S�D�F�N�H�W �V�L�]�H�V�D�Q�G �F�R�G�L�Q�J �U�D�W�H�V��
�7�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �L�V �V�H�S�D�U�D�E�O�H �D�Q�G �F�R�Q�F�D�Y�H �L�Q �W�K�H�V�� �7�K�H
�S�D�U�W�L�D�O �G�H�U�L�Y�D�W�L�Y�H �R�I�Z�L�W�K �U�H�V�S�H�F�W �W�R�L�V �J�L�Y�H�Q �E�\
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�:�K�H�Q �� �W�K�H �G�H�U�L�Y�D�W�L�Y�H �������� �L�V �Q�H�J�D�W�L�Y�H �I�R�U �D�O�O
�� �,�Q �W�K�L�V �F�D�V�H�� �W�K�H �R�S�W�L�P�X�P�L�V �]�H�U�R�� �Z�K�L�F�K �\�L�H�O�G�V �D�Q �H�U�U�R�U

�S�U�R�E�D�E�L�O�L�W�\�R�I �R�Q�H�� �7�K�X�V�� �I�R�U �H�U�U�R�U �U�H�F�R�Y�H�U�\ �Z�H �U�H�T�X�L�U�H
�� �L���H���� �W�K�H �F�R�G�L�Q�J �U�D�W�H�� �D�Q�G �I�R�U �D �Q�R�Q�H�P�S�W�\

�I�H�D�V�L�E�O�H �U�H�J�L�R�Q �L�Q �W�K�H �1�8�0 �S�U�R�E�O�H�P �I�R�U�P�X�O�D�W�L�R�Q �L�Q �������±�������� �W�K�H
�F�R�Q�V�W�U�D�L�Q�W�V �R�Q�V�K�R�X�O�G �V�D�W�L�V�I�\ �W�K�H �I�R�O�O�R�Z�L�Q�J��
�D�Q�G �� �:�H �Q�R�W�H �W�K�D�W �W�K�H �F�D�S�D�F�L�W�\ �U�H�J�L�R�Q �I�R�U �D �%�6�& �K�D�Y�L�Q�J
�D �F�U�R�V�V�R�Y�H�U �S�U�R�E�D�E�L�O�L�W�\�Z�L�W�K �D�Q���D�U�\ �V�L�J�Q�D�O�L�Q�J �L�V
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D. Optimal

�7�K�H �Q�H�[�W �V�W�H�S�L�Q �R�X�U �V�H�T�X�H�Q�W�L�D�O �R�S�W�L�P�L�]�D�W�L�R�Q �D�S�S�U�R�D�F�K �L�V �W�R
�V�R�O�Y�H

�V�X�E�M�H�F�W �W�R

�7�K�D�W �L�V�� �Z�H �V�X�E�V�W�L�W�X�W�H �L�Q�W�R �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �I�R�U �W�K�H �R�S�W�L�P�D�O
�I�R�X�Q�G �L�Q �6�H�F�W�L�R�Q �9���&�� �'�H�¿�Q�L�Q�J

�,�W �F�D�Q �E�H �Y�H�U�L�¿�H�G �W�K�D�W�L�V �Q�R�W �M�R�L�Q�W�O�\ �F�R�Q�F�D�Y�H �L�Q
�� �7�R �S�U�R�F�H�H�G�� �Z�H �W�K�H�U�H�I�R�U�H �U�H�Z�U�L�W�H �W�K�H �R�E�M�H�F�W�L�Y�H �L�Q �W�H�U�P�V

�R�I �W�K�H �O�R�J���W�U�D�Q�V�I�R�U�P�H�G �Y�D�U�L�D�E�O�H�V�D�Q�G ��
�2�E�V�H�U�Y�H �W�K�D�W �W�K�H �P�D�S�S�L�Q�J �I�U�R�P�W�R �L�V �L�Q�Y�H�U�W�L�E�O�H�� �D�Q�G �V�L�P��
�L�O�D�U�O�\ �W�K�H �P�D�S�S�L�Q�J �I�U�R�P�W�R� � � 6� L� Q� F� H�L�V �D �P�R�Q�R�W�R�Q�H �L�Q��
�F�U�H�D�V�L�Q�J �I�X�Q�F�W�L�R�Q �R�I���W�K�L�V �F�D�Q �E�H �Y�H�U�L�¿�H�G �E�\ �L�Q�V�S�H�F�W�L�R�Q �R�I
�W�K�H �¿�U�V�W �G�H�U�L�Y�D�W�L�Y�H���� �W�K�H �L�Q�Y�H�U�V�H �P�D�S�S�L�Q�J �I�U�R�P�W�R �H�[�L�V�W�V
�D�Q�G �L�V �R�Q�H���W�R���R�Q�H�� �:�L�W�K �W�K�H �R�E�Y�L�R�X�V �D�E�X�V�H �R�I �Q�R�W�D�W�L�R�Q�� �Z�H �Z�U�L�W�H
�L�Q�Y�H�U�V�H �P�D�S �D�V�� �,�Q �W�H�U�P�V �R�I �W�K�H�V�H �O�R�J���W�U�D�Q�V�I�R�U�P�H�G �F�R��

�R�U�G�L�Q�D�W�H�V�� �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �L�V�� �:�H �Q�R�W�H
�W�K�D�W �W�K�H �S�U�R�E�O�H�P �G�H�¿�Q�H�G �L�Q �������±������ �L�V �H�T�X�L�Y�D�O�H�Q�W �W�R �W�K�H �S�U�R�E�O�H�P

�V�X�E�M�H�F�W �W�R ��������

��������

��������

��������

�D�Q�G �K�H�Q�F�H�� �E�\ �/�H�P�P�D ���� �W�K�H �V�R�O�X�W�L�R�Q �W�R �W�K�H �O�R�J���W�U�D�Q�V�I�R�U�P�H�G
�S�U�R�E�O�H�P �L�V �W�K�H �V�D�P�H �D�V �W�K�D�W �R�I �W�K�H �S�U�R�E�O�H�P �G�H�¿�Q�H�G �L�Q �������±��������
�:�H �V�R�O�Y�H �W�K�H �P�D�[�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �E�\ �F�R�Q�Y�H�[ �R�S�W�L�P�L�]�D�W�L�R�Q
�P�H�W�K�R�G�� �:�H �V�K�R�Z �W�K�D�W �W�K�H �R�E�M�H�F�W�L�Y�H �I�X�Q�F�W�L�R�Q �L�V �M�R�L�Q�W�O�\ �F�R�Q�F�D�Y�H
�L�Q �L�Q �W�K�H �I�R�O�O�R�Z�L�Q�J �O�H�P�P�D��

Lemma 4:

�L�V �M�R�L�Q�W�O�\ �F�R�Q�F�D�Y�H �L�Q�D�Q�G��
Proof: �6�H�H �$�S�S�H�Q�G�L�[ �'��

�+�H�Q�F�H�� �Z�H �K�D�Y�H �W�K�H �I�R�O�O�R�Z�L�Q�J �F�R�Q�Y�H�[ �R�S�W�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P��
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�V�X�E�M�H�F�W �W�R ��������
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�:�H �V�R�O�Y�H �W�K�H �D�E�R�Y�H �P�D�[�L�P�L�]�D�W�L�R�Q �S�U�R�E�O�H�P �X�V�L�Q�J �W�K�H �/�D�J�U�D�Q�J�L�D�Q
�U�H�O�D�[�D�W�L�R�Q �D�S�S�U�R�D�F�K�� �7�K�H �/�D�J�U�D�Q�J�L�D�Q �I�X�Q�F�W�L�R�Q �R�I �W�K�H �S�U�R�E�O�H�P �L�V


















