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SURSRUWLRQDO )DLU &RGLQJIRL

.DUXPEX 3UHM&nKe,IEBE ;LDRPLQ &KHQ DQG ,&Xid/erwber, [ EBE W K

Abstract—:H FRQVLGHU PXOWLKRS ZLUHOHVYV QHWZRUNYV FDUU\LQJ

XQLFDVW ARZV IRUWXDRK 88HA KWW VSHFL;HG GHOD\

GHDGOLQH DQG WKH ORVV\ ZLUHOHVV OLQNV DUH PRGHOHG DV ELQDU\
VIPPHWULF FKDQQHOV %6&V 6LQFH WUDQVPLVVLRQ WLPH DOVR FDOOHG

DLUWLPH RQ WKH O R@NWRYZ V KIDQMHEHDR LQJ WKH DLUWLPH

IRURQH ARZ FRPHV DW WKH FRVW RI UHGXFLQJ WKHDLUWLPHDYDLODEOH WR

RWKHU ARZV VKDULQJ WKH VDPH OLQN :H GHULYH WKH MRLQW DOORFDWLRQ
RIARZDLUWLPHV DQG FRGLQJUDWHY WKDW DFKLHYHV WKH SURSRUWLRQDOO\

IDLU WKURXJKSXW DOORFDWLRQ 7KLV XWLOLW\ RSWLPL]DWLRQ SUREOHP LV
QRQFRQYH[ DQG RQHORIPRIQWWHEXWLRQV RI WKLV SDSHU

LVWR VKRZ WKDW WKH SURSRUWLRQDO IDLU XWLOLW\RSWLPL]DWLRQ FDQ QHY
HUWKHOHVV EH GHF RIX$HRWHHGRL GW R YOHY RSWLPL]DWLRQ

SUREOHPY 7KHVROXWLRQ WR WKLV VHTXHQFHRIFRQYH[SUREOHPV LV WKH

XQLTXH VROXWLRQ WR WKH RULJLQDO QRQFRQYH[ RSWLPL]DWLRQ 6XUSULV

LQJO\ WKLV VROXWLRQ FDQ EH ZULWWHQLIQ D @ LH[I0ML IFH GO | RILUMH BHMW $\IL FIIOMKVW KUHH A
FRQVLGHUDEOH LQVLIJKW LQWR WKH QDW XMWY WKKHHD § BHR\SVRIRW Q W Q80 DLQlQU/\MRW@/W@M Ql
DLUWLPH FRGLQJ UDWH DOORFDWLRQ 7RIRXBSNRORZ\O HGIHW WPKIP WX Wi G VY Y;HIAVYV FODVV
WLPH WKDW WKH XWLOLW\IDLUMRLQW DOORFDWLRQRIDLUWLPH FRGLQJUDWH KDV
EHHQ DQDO\|HG DQG DIDWR W QPHR WIKBIW XWLOLW\ IDLUQHVV

ZLWK GHOD\ GHDGOLQHV KDV EHHQ FRQVLBHEWKHVH WDVNV FDQ EH VROYHG VHSD
Index Terms—% LQ DU\ VIPPHWULF FKDQ QH OV VAFE®H WD MHKWHLOTHERM. R Q

FURVV OD\HU RSWLPLIDWLRQ QHWZRUN XWR2HWHRD[ZIR MRWLZRXK REWIPIVRXFK GHFR

SDFNHW VL]H UHVRXUFH DOORFDWLRQ Vﬁl@ﬂ_p@(@p@JUH OLQNVDUHORVV\RURQHRU
GHDGOLQHV ,QVWHDNMGLY@QMKHAKFVDVHWR

PLIHWKH ARZ DLUW LPHVH\WQ GXARGK QU P R L

y 1752'8&7,21 WKDW WKH UHVXOWLQJDOORFDWLRQ RI I
LWDWLYHO\GLIITHDPDQW VXRRVRWO PR/WH[DP

17+,6 SDSHU ZH FRQVLGHU ZLUHO \)’\5‘9%‘?/'?{ ﬁ%’ﬁ&*ﬂ@@‘ﬁWWﬂNARZV
ORVV\ OLQNV DQG ARZ GHOD\ GHD #\Y %S‘M\? WQ(\SWVISYﬂéRHZ MJ oY
FRGHG DIWHU D GHOD\GHDGOLQH DUH |$<’§'B i VH4Wd-|¥U7
MRLQW DOORFDWLBQCRFRBZ(D)J_UWWFHHY D 34
WK H SURSRUWLRQDOO\IDLUWKURXJK%LXQ/\}_' A bl
WKLV LV WKH ¢UVW WLPH WKDW WKH (5'|_' A REMY
WLPH FRGLQJ UDWH KDV EHHQ DQDO\YHR&eHAR LA
WLPHV WKDW XWLOLW\ IDLUQHVV ZLWK Y, lH
HUHG DOVR VHH> @ DQG > @ FDWLR
QWKH VSHFLDO FDVHV ZKHUH DOO d’\f*é%g
RUDOO ARZ GHOD\ GHDGOLQHV DUH L[%%
\
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I—H:QQ Hy T &Vdﬁ&ry Ve
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UWHL1 G ARZ fl ARZ
ODQXVFULSW UHFHLYHG URJ?:’QIE?UXQH DFKFHSWHR; L QfJ LY PX¥F K QRZHUAVWRKD Q IR
"HFHPEHU DSSURY HG5Eds RE0LT7:25.
(GLWRU $ 3URXWLHUH 'DWH RISXEOLFDWMRIQ %QS/J'\Q DY WQP&&%%@/FNVHHDMW
VLRQ JHEUXDU\ 7KLV ZRUN ZDV VXSSRU UER i G X Qy @DFQ)WXVQ Ry IRUHUURU U
,UHODQG XQGHU *UDQWYV 1, DQG 3, WKH GHOD\ GHDGOGReD\XFHWE8 OLKQHH WK
. BUHPNXPDU ZDV ZLWK WKH +DPLOWRQ ,QVW 8
JUHODQG +HLVQRZ ZLWK WKH 'HSDUWPHQW R|F\%@S®Dﬁwlﬂwy}<§%§§§ @%gtém)uwmmsmmm
OHJHRI (QJLQHHULQJ &KHQQDL JQcHw P BV Wdu\W HIQWHUVD IWHBAKHU

. &KHQ DQG ' - /HLWK DUH ZLWK WKH +DPLOJY G DWLHV QRN M8l WHW RRMKY KLIKOLJKWYV
OD\QRRWK ,UHODQG H PDLO ;LDRPLQ &KHQ#%kIT_'LMR'EWI-bM\/LIjWB(pIﬁ '5'0G FRGLQJ UDWH
WKDW LW DOORZV WKH WKURXJKSXW OR
VKDULQJ QHWZRUN UHFNBRXNG HQ W K 8 HGH



PDQQHU :LWKRXW FRQVLGHUDWLRQ RIRAWR/GILIHHUDMNNHZ RUKNV W& W RRIZEWMK D W V
WZHHQ WKURXJKSXW DQG ORVV FDQ QRW \E HP N{'® O\QXGQRREULQN RIDAVRIY BSFRXSC
WLPDOO\ PDQDJHG HUIWWWRRY RRQVULWBEIPH XWKMER@R SWQPDRMAW IWR.@ A LFMRKGLR |
WHQWLRQ EHWZHHQMREZXYREBN VKUVENURHHFIVQRRW,EHLQYMBODL QHHRRQFOQR Q 9
IXOO\ FDSWXUHG RIOHPPDVDQG WKHRUHPV DUH SURYLGH
URSRUWLRQDO IDLUQHVYVY FDQ EH IRUPXODWHG DV D XWLOLW\ PDJ[L
PLIDWLRQ WDVN ZLWK WKH XWLOLW\EHLQJ WKH VXP Rl ORJARZ UDWHYV
)LJ E FRPSDUHV WKHRSWLPDO QHWZRUN XWLOLW\\%/F& W%FDW REWDLQHG
ZLWK D FODVVLFDO W\SH RI DSSURDFK ZK FB B WIOGHAR 2 VPIXWDHWDL. & R 8 FTHWH&R U N
HTXDO DLUWLPH DQG WKH FRGLQJ UDWHYV SURE 6 KRVZH @ K & UHDE@EDQWHE Z\. W K
FKDQQHO HUURU SHJ RAEKDLEVL PR WUL H W STRABREE MVAR L JA) RUL WK H 3+< OD\HU %\ PHDQV
WKH GHOD\ GHD/GO LW FRQ ERIZVHHQ WKDW WRHIRERYRD® SDFNHW IURP WKH FK
DSSURDFK WKDW ZH SHH\EHRQWH QOVWEKQRRSR LI HUYVDM BBQKHO SY LQ UHFRYHULQJ Wk
LFDQW SHUIRUPDQFHEHQH,{/ WV RYHUDBVUBDUWOIOFIDD PWWKR ®Y SD\ORDG DQG DW
‘H QRWH WKDW RQH Rl WKH UHDVR QU LZKW WKHH RIRR @ WHIHAREGMIREN® | WKH S
DLUWLPH FRGLQJUDWH KDV QRW EHHUHYRKVIERIXVOO R WXV LR G WK W/ \K COWWNV ZKHHU
SURSRUWLRQDO I[DMWLRW LL/LOR RSRAVQYeHb]lodat® taragh@uE akcross competifigws with eachow
SRZHUIXO WRROV IURP FRQYH][ RSW L BtdimpWitferant Elaqgné RondEdhsDaBE @dpethgsthe delay
UHFWO\ $OVR WKHVWXG\RIWKH WKUd&RXid&k SXW SHUIRUPDQFH E\MRLQWO\
FRQVLGHULQJWKHFRGLQJDQGWKHO0$&KBDVQRBEEHHRISIBO IRDWHEHBHE® VWXGLH
IRUH 2QHRIWKHWHFKQLFDO FRQWU ZEXWKLIRBQ \DN IDMXHW ZRSN O DVHUR Y KRR RO
WKDW WKH SURSRUWLRQDO IDLU XWLOLXRAKR BWWKLIH W URIQRED Q80 H-YWH B RVKAHHOUH
EH GHFRPSRVHG LQWR D VHTXHQFH RVFROGKORSWDL O GIWWUR R IJKSXEV DOORFD
OHPV 7KH VROXWLRQ WR WKLV VHTXHWTHER OERVQ WHHJEBRE QK PW Z R UWKIHR F XV H V
XQLTXHVROXWLRQ WR WKH RULJLQDQO ORRFIRD & i [OFDS W QLY W i EDEXQRFORWBIHR/R S U
RYHU WKLV VROXWLRQ FDQ EH ZULWWHKRB YQHY@ RLYOWL RIL\VQ HRWZR WK FRIQEMU R O
\LHOGLQJFRQVLGHUDEOH LQVLJKW L ®MRRIW KBHEUDAV X WH RIHWKZAR 8 BRSRA WE RIQ®;
IDLUDLUWLPH FRGLQJUDWHDOORFDMWULRWXGLHG LQ D XWLOLW\ RSWLPDO |
2XU DQDO\WLYV HQFRPSDVVHY ERWK&KRSNBEQQ WRI )X &ID Q@ HGWKHVH ZRUNV D
WR HQG )(& DQG K\EULG FRPELQDWLR@®SERD WKHWVHRYRW KIHDOBSOHD\HUYV DQG D
KRS E\ KRS)(& FDQEHDFFRPPRGDWHRBREWEPDWVWKRQXQIQDHOYREOHP LV VWX
WR HQG URXWH LQ@BEB VHIPHRINWVUIHYXOW\HWRWDBKN RHFRQVLGHUHG
PHQWLQGLYLGXDOO\ DVHIJPHQW KHUHMHRPHK WHFRHIMOVWRIBMOHEQB O R KRB VGEUWD L
RU PRUHJHQHUDOO\ VHYHUDO KRSVWRHNXIQ O OWLR/SIW LIPQ YIRWJILHRAH Y, D W@ /|
WR WKH XVH RI FRUDXQSVOHBUPDWHR Q FUREQH® RIHHQG WR HQG GHOD\ FRQVW
FHQWPHDVXUHPHQW VWXGLHYV ¢ QG WWD WRMBKMUHIXPREWHNW I7THKUHY FSQRB RV H LD/ R L
LQ FRUUXSWHG IUDPHV LV RIWHQ UDVGKUHUW PDQOP ID|Q &/ VROMKPF IS UWLBPAY D Q(
SRWHQWLDOO\ SURYRDGW IDRQVFKRQQABUHOWHFWLO VXBUYWKH SURNERYBIGOBI®IJR U |
JHVWV SRWHQWLDO FDSDFLW\JDLQV RFDQWIO\NK REMIHAKIIRHUWYH 8 LY WKQY WKUR
ZD\ ,Q WKLV FDVHHWKMUHKIRGUE\DIGR D Q EROM WKPRYV ,Q Q@ 6{DLUINDRIVW RV BG L H (
3+< 0$& OD\HU DQG WKHHQG WR HQGDO0&RYF B RQRDVEH @B GNH/EZLZ QWKEH KO QVHL W D R
WKLV 6LQFHWKHKRS E\ KRS 3+< 0$& W& DV,W\BIL\W B GSCOH DASNOULRBAMOI UL BQ FRQ G R
FRQVWUDLQHG E\ WKHJO LLOW FKIDQUGR\Y WHRSDIRILMW U R B HFRW MQUIRIDOD @ G MF K Pl @XKMD W
LPSURYHPHQWV LQ FRGH HIg,FLHQF\QQH\M/ZINJ—ND)FWR(XQ\W\RJ@EZ@ON\M(I—HOIRFXV L
UHTXLUHPHQWY WKHDGGLWLRQ RI VEGHGXDERY HZWW K W K@ I3 DG HRUDAD QDR HE +
\LHOG H[WUD SHUIRUPDQFH $ VKRUW SUHOLPIWVOKDHUX R HNWVIQORWKRH F X L
7KH UHVW RI WKH SDSHU LV RUJDQLZBE DPVYHRIOQWHAG L/ KXH @HODWHG
OLWHUDWXUH RQ XWLOLW\ RSWLPDO UHVRXUFH DOORFDWLRQ LV GLVFXVVHG
6HFWLRQ,, 6HFWLRQ,,, GH;,QHV WKH QHWZRUN PRGH L(8 SDUWLFXODU
ZH GHVFULEH WKH FKYW BHWXZ®RH NWKH WUDI(;F PR’GH% 25
DQGWKHFKDQQHO PRGHO :HDOVR GLV WKH VPLVVLRQVFKHG
XOLQJ PRGHO GHHBGDQQBH@@@@VKE‘&Q' M??%A%L{S"tg
VWUDLQWY ,Q6HFWLRQ ,9 ZHREWDLQ:B FPRQVKGHURYUHWKHRHRNG FORE WIGVBNDLAN
SDFNHW GHFRGLQJ HUURU DQG GHVFU EE{H, 2/ K HOW KKR R KKGKMNQ R WWKKHH 3Q QW H U | |
ZRUN , Q 6 HF WWIHRDQQBWZRUNRKWEBERLWRAQHMZARUN HOQWOHWRAHUQGQ@EW FIHE C
WLRQ SUREOHP VXEMHFW WR FRQVWUBLR®W RQQRIGH W 2 DWKPQWHK IR ¥ DFK HFEG X
OHQJWKV DQG GLVFXVV WKH RSWLPL]BDMWHR® LMD © R ZLRQUNRHHUGY B0 WE IFS®YDUU H V H R
ZHGLVFXVVWZRVSHFLDO FDVHV RI QHWEZRRQ 0 H3MZORU N. QH/UFIQIOVR WHW M DM\&Z R D



1RWH WKDW ZH FDQ DFFRPPRGDWH WUDC
D@ =M DU\DOSKDEHW L H QRW MXVW"
VIPEROV E\ DWRMQO@HQ XVHV RI WKH %
WUDQVPLWWHG VIPERO 7KH V\PBERO HUU
1 LV WK HR=IE{ H®Q)"E \

,Q WKLV FKDQQHO PRGHO WKH FKDQQH
LQGHSHQGHOQW FR SL &I\ IRA W/ IKFHH% B/&\L V, F D
E\PHDQV RIDQLQWHUOHDYHURIVXI¢FLF
HQFRGHU ZKLFKUDQGRPO\VKXIAHV WK]
WR WKH GHOD\ GHD GWK®HS IF RLRBEN. @BIGHD Y
FKDQQHO GHFRGHU DW WKHUHFHLYHU 1
OHDYLQJ UDQGRPO\PL[HV DQ\FKDQQHO
PRGHOHG DV LQGHSHQGHQW FKDQQHO S|

D. Flow Transmission Scheduling

$ VFKHGXOHU DVVLJQV D WEPH WOLFH
WR HDFK WRDW ARZV WK VKEMHFMOWR W
LLQJDOE}IT()L];IB(OJIE\Q}/HPHVD}EIBIQEV\(JZHR\?QaLFmﬁ%HHmwaw%f%cwpivTc ZKHOHY WKH SHULRG
bridge nodes 7 K H EULGJHQRGH UHVS DQG LVSJ’E‘%@;"@%%@%*EM@ND#W FRQVLGHUD SH
RI WKH FCHQREOGY UH¥B, DQIH; IRU QRGHCH,.DQ¥ WUDWHJI\ LQ ZKLEKVHOQYHBHKLVHQOHQ W
CH, DOBGIRU QRGH  7KUfiH DRIBUH FRQVLGHUHG DQUARKXQ G BRE DQ GDW K D WV LHDFHIBW X D
HIDPEQH {a.b} Cp, = {dba} DCQ & {c,d} WLPHVDLFHRRQGV LQ HYHU\ V Filid4s®X O H
FRUUHVSR QG LLQY FHBDAW K H WT/R H. § ®iIDFRK

XVH WKH VDPH UDGLR FKDQQHO zKLOH B $REOFHUQ B WM & H\K R WHVHWW KK W KH A
RQDOUDGLRFKDQQHOV :LWKLQ HDFIEUF og D(ﬁ]\\é/%R(gBlf{ HVDUH ZLWKLQ
WKH GHFRGLQJ UDQJH RI HDFK RWK HU BY &R ey P Eﬁ'sf‘ERPPXQL
FDWH ZLWK HDFK RWKHU 7KH FHOOV DYW WHEW N B K@) R QRS B \DLO YeMYdH W K
WLUDGLR EULGJLQJ R®E HKRBRZE U H O WEARSHIMIZRIN 5 Q H D FK Y FAKLG-OMHO@HRQ YW
PXOWLUDGLR E FIR&QIQ QB VQRGHWEH ¥ HWLRISFHO\OWKH DQDO\VLYV EN LIQRULQJ TX
{c1yiea} ©C FDQ EH W K R % NKQVCGRHIBIBROVAD V Hi W UR H G Ih@WR FEECRRIFN YZ ReH U H
QRGHV RQHLQ HDFK FHOO LQWHUFRRRHFWHG WKH RXKE WY HHGN R/ Y ORW YV
IUHH ZLUHG EDFNSODQH 6HH IRU H[DWSSD® (RBKEGRFNRUPDWLRQ VIPEROV L\
D EORANFRAHG V\PERQ ¥ EZ/KHUREROV
ZLWK FRAOKQJUYDWHUHLY WKH QXPEHU RI H
'DWD DUH WUDQVPLWWHG DFURVVVWXELRO N NOUWDIQMPL WWHWE RQNR @/VORW L
D ¥ H W,2,....F} F >1RI XQLFDVW AREW F/KGH HPSOR\HG IRU HQFRGLQJ LV G
URXWH RI HDEKFARZIJLYHQ E\ D VHTXHEHH RID W@ XVHU RURSHUDWRU VXSSO
C; = H{elf),e2(f), - vee,(/)} ZKHUH WKH VREOFEBRIRMGHU W VSHFL,HV WKH GHFRGLC
s(f) € a1(f) DQG WKH GHVW(HRBWLIRQ QRWGIHQFH DIWHU WKH ARZ GHVWL@DWKRQ KI
DVVXPH ORRS IUHH ARZVC/LDH H QWKW X¥BRWOIOWHLBRGHG SDFNHWV LW PXVW DW\
LQIRUPDWLRQ V\PERD®V RFADIS WX DMV W K
GHOD\IRUQRQV\VWHPDWLF FRGHV2ZKLO
‘H DVVRFLDWH D ELQD By JPRIGRPDWRWLREOB FRGHV LQFXU QRHQFRGLQJGHO
ELWWUDQVP L WQVHHEREDARZ QGLFDWHWMRDW MFKHRGHY UHTXLUH WK¥Y\WERQV M
ELW LV UHFHLYHB; AiRY U H B\ DF DIVGHS/  WEKHDWAH W/ HK IHYEHLGVE @ JRWKHHSJURGNXX FRGH G V\PE
LVUHFHLYHG LQFRUUHFWO\ L H WKHEKWHYGAWRSHGG GH DDV EPB &/&DYH LV J
Ef[1),Ef.[2),... DUH LQGH S HQ@W QR D Q &G IBKMULIEXKW RIGX QN, WK.H BBRI® DRUWHDFK R V
L L GP{EJM=1}=0s.€[0,05) 7KDW LV ZREKDYHQJI FKXQNV W Kil ;G HIOHFDL&(® WK D W
DELQDU\ VIPPHWULF FKDQQHO %6& WIKW G HYRAL\DRDWHLUSIRREOWKRHOA B WR HQC
af. $ WUDQVPLWWHG ELW PD\ EH *ALSEBIHE PKOWLSOH WLPHV DV LW
WUDYHOV DORQJ WRBGRXWHRHIAREZG LQFRUUHFWO\ DW
WKHARZ GHVWLQDWLRQRQO\LIWKHUH LV DQ RGX, BxXPEHUIKINMXFK ALSV
7KHHQG WR HQG FURVVRYHU SUREDELOLW\DORGQJWKH URXWH RIARZ

LV WKHUHIRUH JLYHQ E\ QO WKH FDVH RM BMTKKHDBQG WR HQG GHOD\
e 1—x.
ay = > [T of. @ ape) > (¢f+ Dy — 1)T.

{x.€{0,1},ceCy: Z X is odd} c€Cy
cecy ZKHUH ZH U BFIDVOWKHK@XWP EHU RA OLQNV RI

B. Unicast Flows

C. Binary Symmetric Channels



F. Network Constraints on Coding Rate 7KH V\PEROQOEHIU WER2)V..., Ef[Dny] DUH L L G

)RU ARIZQ RH @@L \EH WKH UDWH RlWUD%O\?'FULQ/R/{@%jLé’P\QJGRP Y DOUD ERH L V QG
EROV VHFRQG ZKLFK LV GHWHUPLQHEEQRALPP @)@&DQVVLYRWBQ%%H*#*QFH W
WUDO EDQGZLGWK XVHG IRUVLJQDO WYVN VFFP\R/%?Q%PDP?S@( K& ALRRW 8 \F R
)(& XVHG (DFK &HDMRQJ WKH URXom RRRRZQDWRULDO LWODWWDH DR ERIVIRRY
FDWHV DQ DL UWEPIHRR WHWHDR W U D QVPW (VR K RWBDHE R HRER H B RREWQG ORZH L
RIAFZ /AW {fecF:ceC) EHWKHVHW HKH RUSUREDELOLWADQG VKRZ WKL
WKDW DUH URXW H:® WK BB & OKWEKHID W W PEWMRK PLRG WKDW WKH SUHIDF
LQ DQMHIHOVFKHGXOHG LQ D 7'0% IDVKI™ &5 § 8 RYDEH i ZH SRVH WKH 18
WRWDO WLPH UHTWILQH G DEN WW B or® BB O AR X R VO bURU SUREDELOLWLY $0
¢ LV ILYHQ E\Y 6LQFH |RUNH<HHO\ADUDQWF%|%‘B €Zy DQG DOORZ WKHP WR WDN
VFKHGXOH LUK WWIRD WWLPH WKH HQ FREAESDEREIAS B
PXVW VDWLVI\WKH VFKHGXODELOLWLFROVWUDLOW e

Zu?f < T.. Lemmal: 8SSHU %RXQG 7KH HQGEMRR HQ(
fer, Phe DGHFRGLQJ HY WRDWIRW, AR Z
1RWH WKDW VLQFH ZH SURYLGH VXI¢FLHQW WUDQVPLW WLPHDW HDFK FHOO
DORQJCY RORMHYCFRRGHG VIPEROV WR EH WU D Q VPL sWHG 1 &y, (73 67))
HYHU\ VFKHG X @/ G 8\l PW KHORAM.V QR TXHXHLQJDW(8;,ny,27)
WKH FHOOV DORQJ WKH URXWH RI D ARZ
ZKHi}H= 22 rp = kg/n; LV WKH FRGLQO UDW
9 8&.(7(5525352%$%,/,7< LV WKH &KHUQRII ERXQG SDUBR:MWHU D
(DEFK WUDQVPLWWHG WHPER 8 \RWARIZE: HVWELSDWIVRFPOOHG WKH UDWH IXQFWL
QRGH HUURQHRXVOBZLWHIQEHRWRELHOWSK EBRWHFW
DIJDLQVWHUURUV ZKHQ UHFRYHULQJ W KRop®Q FRIHPIDE HRGUIBEROV ZH HQO
FRGH LQIRUPDWLRQ VIPEROV DW WKH heRaLr H RZHIGHAYRXQQER) DR GHQISNEURIE D E
FRGH ZHQRWHKHUHWKDW D FRQYRORWHEBSOERE Y WDWHRH BRZSDGGLQJ
LV DOVR D EOR(E,N, EREORFSFRGH KDV WKH IROORZLQJ
SURSHUWLHV 7KH HQFRQBH:IQIVRIDJI}?EDWIDNQVXP‘?@:FFP’R’?—Df’an(B(JCf)||B(3f)))
EROV DV LQSXW DQG JHQHUD ARIG/HIGMWHPXHQFH R
EROV DV RXWSXW 7KH GHFRLGZFRLBWGN/M@%U\%HTXHQFH RI
EROVDVLQSXWDQG RXWSIRWPDWHRRNOFERIV 4,
7KHVHLQIRUPDWLR @ VURER DML DWREYH. G H G Sﬁfrgpﬁxp(—Dfan(B(mf)))
WKB®| RI WKH FRGHG VIPEROV DUH FRUUXSWHG 7KH 6LQJOHWRQ

ERXQG > @ WHOOVEXM WA DWK HTXDOLVb\QJLé.LJ__F"‘_ICTI{r B(z) LV WKH %HUQRXOOL GLVW

LPXP GLVWDQFHVHSDUDEOH 0'6 FRGDW HW LV WAREHEWQRS\ RI SUREDE
FRUUHFW XS WR WLRQ PSP |
{le VAJ Proof: 6HH $SSHQGL[ % O
2 | [ 2

B. Tightness of Bounds

HUURUV ([DPSOHV IRU 0'6 FRGHV LQRPXEH Si¥GabROE KD w

FRGHV > @ DQG 0'6 FRQYROXWLRQDO FRGHV > @ ,Q > @ WKH

DXWKRUV VKRZ WKH H[LVWHQFH RI 0'6 Faéim@p%y\gW@Dg(fR@h%fm)u

DQ\ FRGH UDWH +HUHDIWHU ZH ZLOO PD XVH RI DQG VR

FRQ/,QH FRQVLGHUDWLRQ WR 0'6 FR GH@F #HRZIHY Bl UU MK SIDRIDOPGIW HY ZH FDQ V

FDQ EH UHDGLO\ H{WHQGHG WR RWKH D[WR FEHW(R/! 0F)RBOGIGSWR BURKEAE@HYV WKH V

FRUUHVSRQGKHQVERYQ® BBDOH ERXQG W FDQ EH YHUL¢HG HJ E\LQ
&RQVLGHU D FRGHG EGRFANQGRIOGRILYDWIY,Hz,WHOW FRQFOYHR@ G V F

i € {1,2,...,Dyny} LQGH[ WKH V\PEROV LQ WKREORWNROAMDUH QHFHVVDU\ DQG V>

Eflii EH D ELQDU\ UDQGRP YDULDEOH WKKID.W7 I RXQDBQ W L & H & WHKLHY

iWK FRGHG V\PERO LV UHFHLYHG FRUUHFWO\ DQG WKDW HTXDOV

ZKHQ LW L\G FRRHIRGAVHS1) = g D Q éIEf[ll rfs f)T e Pre’!

P{Esij=0}=1-8; )URP WKH SUREDELOLW\ RIWKH EJ,ORJ&Nl*ﬁf+3f60f 0

EHLQJGHFRGHG LQFRUUHFWO\NLV JLYHQ E\
ZKLFKLVY VROYHG E\

Dyng
= . Dyng — Dyky
ef—[p{El: Byli] > =215 0?_ln<§_f>ln<1—mf>

3y 1= 3¢

=0




SURY&GH®HE 6XEVWLWXWLQJ IRU ZLW K= [0;]jer WKH YHFWRU RI &KHO @RI SD
. [nfljer WKH YHFWRU RI ARZ SDENHWA/ LIHV
gl}%}éIEfH(xﬂef):IEf[l](:Uf:'gf) WKH YHFWRU RI ARZ FRGLQJ UDMWHYV ZKl
o - (1-r7)/2 (TXDWLRQ HQIRUFHV WKH QHW

—mf1n< >+(1¢f)1n<1 Bf> ARZ VFKHGXODELO LWNKFRRANW. WDLLYQWV FF

p P WKH &KHUQRII SDUPRBWWUYD LIOWY/ WK B Q C

=1(B(xy)||B(By)) WURGXFHG IRUWHFKQLFDO UHDVRQV Wt

ZKHWMQ) LVWKHLQIRUPDWLRQ GLYHUQTﬁEﬁ’Pﬂr@BNéN\%BVHMV&\\/\/%H§F6N/FWLRQ 9 &

P DQ®B 7KXV E\/HPPDV DQG ®KH BU WLRQDOIDLUQHVYV ZH VHOI
GHFRGLOJHUURU VDWLY ¢ HV ARZ WKURXJKSXWYV DV RXU R M RIENHX W |

SHFWHG WKDRXTKEXW\PEROV LQ HYHU\ W
T~ D IBEAIBEN) < 5, < o= Dl BlaplBE), WHUY DO R\ M IURHE D(@)OLW WIXWM G HV WL

FHOO Rfl ARRKLFK LV WKHKI VB MPEROV HYH

,WFDQ EH VHHQ WKDW WKH XSSHU DQ @ ORZ HY W R ¥ Q1§ R Bakxiiphmy REBHHW B IRUP |
ZLWKLQ SIUBDI@EWRY JDS EHWZHHQ W K&y HNFRA . Gavk® ANHMAH B HFRGLQJ HUURLL
H[SRQHQWLDOO\ DynWIKHFRIHDAMHVL]IH HIDFW H[SUHVYLR@BEBDFWDEOH ZHXVHW
g ZKlfF RKXW WKHREMHFWLYH IXQFWL

9 1(7:25. 87,/,7L37,0,=%$7,21

H DUH LQWHUHVWHG LQ WKH IDLU D OQREBRW:-AERQ IR(EARZepEUM MMV DQG
FRGLQJ UDWHV DPRQJ ARZV LQ WKH QHWZRUN 2WKHU WKLQJV EHLQJ
HTXDO ZH H[SHFW WKDW GHRUMDWVLQQWKH FR @Jnfrf\{vHef (05,n5.27))
FUHDVLQJ WHkH -QXRPEHWHGXQGDQW VI\PEROV WU
PLWWHG fIRUBARBHFUHDVH Wk HD) QRBU\SR RED E ve/
LQFUHDVHY WKH ARZHW KWR & HESM VAR J WK H FR &1 BFr (L —227) (1 —ep(0f,ns.24)))
UDWHLQFUHDVHV WR Hh F FOGHEGVROLFNFHIM D VHHYV W K57
DLUWLP H X6V QIFGI WKHA@RHIVZRUN FDSDFLW\-LY, & LR LW n (1 — 22/)
DQG VKDUHG E\ RWKHU ARZV WKLV JHQHUDOO\ GHFUHDVY3V WKH DLUWLPH
DYDLODEOH WR varKHimmR/}wvWQBMRV«BKURXJKRXWELh?l_ef O, np,25)) -
LODUO\ LQFUHDYV LIy WRK A § DRNHWM YV HY LWV P
WKURXJKSXW EXW DW WKHFRVW RILQFUHDVHG DLUWLPHDQG D UHGXFWLRQ
LQ WKH WKURXJKSXW RI RWKHU ARZV 7:FH FRRBAKLCPDLMHWAL REV SMAURTECHER ISRV L R Q
D XWLOLW)\ IDLU RSW LPRQ EDVUMVRIG % 0 R FRGL (RIFXD VRV DQ G #R G H G FHD WK H VB V<L W¥
WKH SURSRUWLRQDO IDLU DOORFDW LR VLB®H DWHNM @R ZQGH UDWHWHWW DG
DV ZH ZLOO VHH LVWUDFWDEOH GHVISY &Y RSN QRERRQYHR QKM DU WILW K K V |
RSWLPL]DWLRQ JLY H Qs FBiy.

‘H FRQVLGHU D QHWZRUMN XWKIDOW I DX QFMFLR Q
WLRQ RI WKH DYHUDJH QHWZRUN WK UR NXongosyemty :H UHFDOO WKDW WKH DU

ULYDO SURFHVVHV RIV\PEROY ENVRF K YWKD ViR ERHHE VA K/ AR, fx Q F WVR Y HSDUDE O |
EROV DUUL YHWHYHARQGV DQG KHQFH WKfWHfW}YQR?UTNUKI#L,mﬂZZHYHU LW FDQ EH
LH WKHUHLVQRG\QDPLFVLQWKH UWDHWH Rl k@ MR QR QRRZ MREGw O\ Fi
WKH QHWZRUN WKURXJKSXW LV VWRREKDBVWLF 6%l WR WKH RYWRPLSERERWGVL Y
LQGXFHG E\ WKH FKDQQHO ([WHQGLQM(RI)QHW:ZLRNJWRV\V—IQCFW\GF"DYI}/‘PR]DWLRQ S

FKDVWLF DUULYDOV ZRXOG EH LP SR UMDR WoDRIGHLRMDHGSY WE- B R ORHZ HRSHLL P L |
D TXHXHLQJDQDO\VVLY ZLWK FRXSOHG TXHXHV VHHPYV

LOWUDFWDEOH VR RQH SRVVLEOH VB WRefgvrhliatidn\as\8duenifd QptikhizdtiBnX VH R1 D

AXLG OLNH IUDPHZRUN DOWKRXJK WKLaéél?&(l—OI?H%HET\)ﬁ}[SJNL%EWQ(%JI%JD%RZLQJI

WKH GH,QLWLRQ RI GHOD\ GHDGOLQH
° g@ %&M%@%M AW MR

X
7KH XWLOLW\ IDLU RSWLPL]DWLRQ S%fﬁ
[0f;cr [nflser DkQs6 IRU D JLYHQ VHW R
L WLRQ WR WKH MRLQW RS\
[wielrer)ece DQWlece ZKLFK LV IJLYHQ E\ @ Q Q

0max U (8, (n,x)) yelgil%,}ézf(ya z)
(nx) LVXQLTXHDQG LV WKHVDPHDV WKH VRO
VXEMHFE\QJR<T Veel
froely maxmaxf(y, z)

zEZ yey
by >0 vieF Li(y*(),2) LV D FRQF DY Hzl XYGKFW HR @ & D F K
xp<Ap VfEF y*(2) = argmax, .y, f(y, 2)
2p>Ap  VfEF Proof: 6HH $SSHQGL[ & 0



7KLV OHPPD HVWDEOLVKHV FRQGLWIZRQWXYGHU\ZKEVFW ZWEVE WYWRWKH RE
IRUP D QRQFRQYH[ RSWLPL]DWLRQ LQ |R2QQ’@|IKQFN4H:PWI1IRE§@&I?|]I%$@HQD_
WLPLIDWLRQV 5RXBIKOARFHDNEQRSWLPLIL QI RYHU !
HDFK YDULDEOH L QL/QX WCKBIQRS WXE\D\O BB OH YDOXH
WKDW LV IRXQG EDEXH QUOQF W KR @ EZM I ¥ W, WHV.D V. o
TXHQFH RI REMHF®URWLEBE WIDEGW HP E (gl%)r(\%‘/ﬁ)fv Eln("fHZln(l’Zlf)
VHTXHQFH LV FRQ BPEDH L[EHWEKHRDWILPLIHG EXW QRW.
QHFHVVDU\ MRLQWO\ FRQFDYH LQ DOO YDULDEOHYV + WHHIVROIXWDRQ WR WKH
VHTXHQFH RI FRQYH[ RSWLPL]DWLRQV FRLQFLGHV ZUWK WKH VROXWLRQ
WR WKH RULJLQDO QRQFRQYH[ RSWLPW]PMG R YHUAGHBMPRIDWE RV RREOW O\ F
WLRQ WKDW FRQFDYLW\KROGV IRU HYidi)\ RRMIWRWH WIS | %@ FAMLHROHY Q WHKUW XY HIL v
TXHQFHLVH[WUHPHQDEWYU KRZ HHHPD QHVVIKRZ)WJ(D\NVJDQ\ﬁkRzUlﬂ?rij)GD\(ﬁkHlﬂl&)OHV
LWLVVDWLV{HG LQ RXU SUHVHQW Q HIVEARHUNY XWALKOD- WY WRGHOARPE S R Y ¥ RORWPLEOH
LODUO\ WKH PBSERQJI6IURIEY B PRQRWRQ!

feF

C. Optimalé”(z) FUHDVLQUJ I %QPMKLRQFRIQ EH YHUL¢HG E\
7DNLQJ D VHTXHQWLDO RSWLPL]DWLRQH S$V\N [ [ZEDEMUYIE B FSSNRGH | LWRWPY
VROYLQJ WKH RSWLPL]DWLRQ DQGLVRQH WR RQH :LWKWKHREYLRXYV

LQYHUVH:RDS P WHUPV Rl WKHVH ORJ W
max U (8, (n,x)) - ~ _
0 RUGLQDWHYV WKH RENMEHBWALNH L} @QRWMLHR
VXEMHEWWR VS eF WKDW WKH SUREOHP GH{QHG'LQ + LV
JLYHQ SDFNKEW/VRDHEVFRG LR DPWAYV
7TKHREMHFWLYHSRQBWORQ@QGHRQFRONH LQ WKH, . U(o (ﬁi))

SDUWLDO G, (xiY D WALWHKRU H & SL/FM YWRQ E \ 8.(n.1)
9 n
oU (8, (n,x)) _ e;Dyny vy — D1 . VXEMHFE\M:%STC Veel
aef 1—6f 1_/3f +/3f€0f f:cEwaf’c

6HWWLQJ WKLV GHULYDW Li¢H BT WKQWIRVJHUR SURYLGHG vieF
VROYHG E\ S =
Ir<X VfeF

0% ~ ~
g A ver
— by + Bre
ox _xyl—Jy DQG KHQFH E\N/HPPD WKH VROXWLRQ
or,ef = —
k 3pl—xy SUREOHP LV WKH VDPH DV WKDW RI WKH |
. 2 1- 2y ‘H VROYH WKH PD[IERHDVELEG GUWR[ RSWL
or,Hf—ln<—f>—ln<1ﬁf>, PHWKRG :HVKRZWKDW WKHREMHFWLYH

2EVHUYH W&pWLﬂQlD@}NWL@QJ@@OQFRWLQ%\‘A)KLQWKH'ROORZLQJOHPPD
ny DQE 7KH UHTXLUHP BQMQNRUW p\ W K D Wemma 4:

'KH®@ < 8 WKH GHULYDWLYH 9}_\)$QHJGB\IX gﬁﬁrﬁu_io s
0 ,Q WKLV FDVH &KW RISVMRLEZXRFK \LHO [J)z’ﬂ‘ R nf+21n(1 hf(ff))
SUREDEIRORWH 7KXV IRUHUURUzWHFRYHU\ ZH UHTX{0H /<7 o

B8 LH WKHFRGLQJBPWHG IRUD QRQHPSW\ +> In 1—e—Df6”f“‘21
IHDVLEOH UHJLRQLQ WKH 180 SUREOHP IRUPXODWLR@AQ" + W K
FRQVW UDH L\XRX B8 Q VDWLVI\XW«HA%@OQ\;M%J

DQAE>0 ‘HQRWH WKDW WKHFDSDFLW\ %rOOEZ@F\ﬂVﬁ@é?%(@{%lL%J O

D FURVVRYH WS URE R BEIQO\LW\ QD (1QJ LV
H(as))) DQG WKH FRGA,QILIHIVW. B W K H FDSOFLWAY S KBYH WKHIROORZLQJ FRQYH

D. Optimal (n},z%) max U(a*(i),(ﬁ,i))
7KH QH[WQ/ R¥S$ VHTXHQWLDO RSWLPLIDWLRG"®SSURDFK LV WR
ny
VROYH VXEMHPW WR <T. VeeC
* o Wre
max U (8" (x), (n,x)) freely
’ I;<)\ VYfeF
< . -
VXEMHfIf%\LG—waﬁCTC VeecC i>i, vfer.
N f
xp <Ay VfEeF ‘HVROYHWKHDERYHPD[LPL]DWLRQ SURE

Ty > A VfeF. UHOD[DWLRQDSSURDFK 7KH/DJUDQJLD


























